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Abstract

Deep learning, a subfield of machine learning, has revolutionized various domains with its
exceptional capabilities in learning intricate patterns from vast amounts of data. At its core
lies a foundation deeply rooted in mathematical principles, encompassing concepts from
linear algebra, calculus, probability theory, optimization, and more. This review paper delves
into the fundamental mathematical underpinnings of deep learning, elucidating how
mathematical frameworks enable the design, training, and interpretation of deep neural
networks. Beginning with an overview of the mathematical prerequisites, we explore key
concepts such as gradient descent, backpropagation, activation functions, convolutional
operations, and recurrent networks, eclucidating their mathematical formulations and
significance in deep learning. Furthermore, we investigate recent advancements at the
intersection of mathematics and deep learning, including graph neural networks, attention
mechanisms, and reinforcement learning. Throughout the review, we highlight the role of
mathematics in shaping the theoretical understanding, practical implementations, and
ongoing research directions in deep learning. By providing a comprehensive synthesis of the
mathematical foundations of deep learning, this paper serves as a valuable resource for
researchers, practitioners, and enthusiasts seeking to deepen their understanding of this
transformative field.
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Introduction

Deep learning has emerged as a powerful tool in the realm of
artificial intelligence, revolutionizing various fields such as
image recognition, natural language processing, and robotics.
At the heart of this transformative technology lies a
sophisticated mathematical framework, which enables the
training of complex neural networks to learn from data. In this
review, we delve into the pivotal role that mathematics plays
in deep learning, elucidating the fundamental concepts and
techniques that underpin its success.

Deep networks [ are parametric models that process
incoming data in a sequential manner. A pointwise nonlinear
"activation function," such as a sigmoid, follows a linear
transformation, such as a convolution of its input, in each of
these operations, which are collectively referred to as
"layers." Recently, deep networks have produced notable
advancements in categorization performance across a range of
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computer vision, audio, and natural language processing
applications. Deep networks differ from classical neural
networks in that they have many more layers, which is
thought to be the key to their superior performance. Other
architectural changes include residual "shortcut" connections
Bl and rectified linear activations (ReLUs) (2,

Theorists face many challenges in light of the practical
success of deep learning, particularly with convolutional
neural networks (CNNs) for image-based applications.
Specifically, there are three essential components of deep
learning:

To train high-performing deep networks, designs,
regularisation strategies, and optimisation algorithms are
needed. Understanding these components' requirements and
interactions is crucial if we are to discover the keys to their
success.
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1. Mathematical Foundations of Neural Networks

a) Linear Algebra: The foundation of neural network
operations, encompassing concepts such as matrix
multiplication, vector spaces, and eigenvalues.
Calculus: Crucial for optimizing neural network
parameters through techniques like gradient descent
and backpropagation.
Probability and Statistics: Essential for modelling
uncertainty, estimating parameters, and designing
probabilistic models like Bayesian neural networks.
2. Architecture and Design

a) Activation Functions: Mathematical functions
applied to neuron outputs, introducing non-linearity
into neural network architectures.
Convolutional  Operations:  Utilization  of
mathematical convolutions for extracting features
from spatial data, particularly in computer vision
tasks.
Recurrent  Neural  Networks:  Leveraging
mathematical recurrence relations to model
sequential data, enabling applications like language
modeling and time series analysis.
3. Optimization Techniques

a) Gradient Descent: An iterative optimization
algorithm central to training neural networks,
utilizing calculus to update model parameters.
Stochastic Gradient Descent: Variants of gradient
descent employing randomness to efficiently traverse
high-dimensional parameter spaces.
Second-Order Methods: Advanced optimization
techniques leveraging second-order derivatives for
faster convergence and improved performance.
4. Regularization and Generalization

b)

¢)

b)

©)

b)

©)

a) L1 and L2 Regularization: Mathematical
techniques for preventing overfitting by penalizing
large parameter values in neural networks.

b) Dropout: A regularization method involving

randomly dropping neurons during training, inspired
by probabilistic principles to improve model
generalization.

5. Advanced Mathematical Concepts

a) Information Theory: Utilized to quantify the
amount of information gained during the learning
process, guiding model optimization and
compression.

b) Differential Equations: Integration of differential

equations into neural network architectures for
modeling dynamic systems and physical processes.

6. Information-theoretic Theory

The capacity of a network design to generate an accurate
"representation of the data" is another essential feature. A
representation is, in general, any function of the input data
that fits the needs of a task. The "most useful" representation,
for example, as determined by information-theoretic
complexity or invariance criteria, would be the ideal
representation 13,

This is what an agent would retain in its memory instead of
the data to forecast future observations; it is similar to the
"state" of the system. For instance, the state of a Kalman filter
is a minimal adequate statistic for prediction and an ideal
representation for data generated by a linear dynamical
system with Gaussian noise.

The information bottleneck loss can be reformulated as the
product of an extra regularisation term and a cross-entropy
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term, which is the exact most widely used loss in deep
learning. By adding noise to the learnt representation, akin to
adaptive dropout noise, the latter can be put into practice ['7],
As a result, a type of regularisation known as information
dropout in U7 is produced that improves learning under
resource constraints and can be demonstrated to produce
"maximally disentangled" representations, in which the
features are indicators of independent data characteristics
because the (total) correlation between the representation's
constituents is small.

7. Features of Minimization

The traditional method of training neural networks involves
employing backpropagation '), a gradient descent technique
specifically designed for neural networks, to minimise a
(regularised) loss.

Stochastic gradient descent (SGD) is used in modern
backpropagation versions to efficiently approximate the
gradient for large datasets. There are no guarantees that SGD
will identify the global minimizer in deep learning because
the loss is a non-convex function of the network parameters,
despite the fact that SGD has only been thoroughly examined
for convex loss functions 2,

Hidden nodes layer

Input x3

— >

Fig 1: Neural Network with D = di = 3 inputs, d>=4 Hidden node
layers, ds= 2 outputs Here the output can be written as y = (y1, y2) =
y2(y1(xW1)W2) where x = {x1,x2,x3} is the input. y1 and y2 are
activation Function which is in the hidden layer.

Preliminaries

A deep network is a hierarchical model in which every layer
transforms the layer before it linearly and then non-linearly.
Let X € R ™P represent the input data, where N is the number
of training examples and each row of X represents a D-
dimensional data point (for example, a grayscale image with
D pixels). To produce a di-dimensional representation Xi-1 Wi
€ R V9 at layer k, let Wi € R %% be a matrix reflecting a
linear transformation applied to the output of layer k —1, Xy

[S
R N><dk*1.

1. The Rigidity of Geometry in Deep Learning

The mathematical characterization of deep learning models'
inductive  bias-that is, identifying the class of
regression/classification  tasks for which they are
preconfigured to perform well, if at all-is a crucial question in
the process of comprehending these models.

Convolutional architectures, in the specific context of
computer vision challenges, offer a basic inductive bias that
forms the basis of the majority of effective deep learning
vision models. The idea of geometric stability offers a
potential framework to comprehend its accomplishment, as
we will clarify later.

In the vast majority of computer vision and speech analysis
tasks, the unknown function f typically satisfies the following
crucial assumptions:
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a) Stationarity: When the model's output is a space that
translations can act upon, such as in problems involving
object localization, semantic segmentation, or motion
estimation, we assume that the function f is either
invariant or equivariant with respect to translations,
depending on the task. Since the output translates
anytime the input translates, our meaning of invariance
should not be confused with the conventional idea of
translation invariant systems in signal processing, which

is equivalent to translation equivariance in our
terminology.
b) Regional Morphologies and Scale Disjunction:

Morphologies can simulate viewpoint shifts, rotations,
local translations, and frequency transpositions ). Not
only are the majority of computer vision tasks translation
invariant/equivariant, but, more crucially, they are stable
against local morphologies.

Structure Based Theory for Deep Learning

A. Data Organisation inside a Neural Network

The interaction between the data's structure and the deep
network is crucial to comprehending further deep learning. As
a common initialization used in deep network training,
examine the situation of a network with random Gaussian
weights for a formal analysis. According to recent research
1591 these networks with random weights maintain the data's
metric structure as they propagate through the layers, enabling
stable recovery of the original data from the features the
network computes-a characteristic that is frequently seen in
general deep networks 71, 1381,

More specifically, the work of [l demonstrates that if the
features of the network at a given layer are proportionate to
the intrinsic dimension of the input data, then the input to the
network may be reconstructed from those features.
Reconstructing data from a limited number of random
projections is comparable to this % [901, Nevertheless, each
layer of a deep network with random weights distorts the
Euclidean distance between two inputs proportionate to the
angle between the two inputs: the smaller the angle, the
stronger the shrinkage of the distance. Random projections
preserve the Euclidean distance between two inputs up to a
small distortion. Thus, the stronger the shrinkage produced,
the deeper the network.

Towards A Framework of Information Theory

The loss function of choice for training deep networks to
solve supervised classification problems is the empirical
cross-entropy

IW)=Ep (X,Y) (—log @ (X, W)) 1)

Because the network could easily memorise the training data
rather than learning the underlying distribution, this loss
function is vulnerable to overfitting. Regularisation is
typically used to solve this issue. It might be implicit in
stochastic gradient descent or explicit (e.g., the norm of W,
also known as weight decay). Almost 25 years ago, proposed
that reducing the amount of data contained in the weight
could lead to improved regularisation and less overfitting. KL
(P(WIX, Y) k p(W)), where p(W) is a prior on the weights.
Choosing this regulariser leads to the loss function

I(W)=H (Y [X, W)+ LKL (p (WX, Y) kp(W))  (2)
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where the empirical conditional cross-entropy from I[(W) is
shown by the first term. This is the variational lower bound on
the observed data distribution p8 (Y | X) for A = 1, and it can
be interpreted as a type of weights Bayesian inference. This is
comparable to the Lagrangian information bottleneck in a
broader sense. While the second term minimises the quantity
of information stored, the first term, which is the same as the
empirical cross-entropy, guarantees that the information
stored in the weights is sufficient for the task Y. As a result,
the weights discovered through using a KL regularizer to
minimise cross-entropy roughly correspond to a minimally
necessary statistic of the training set. Up until recently, it was
thought that optimising and computing the KL term would be
impossible. However, developments in stochastic gradient
variational bayes made possible effective optimisation.

Conclusion

The synergy between mathematics and deep learning is
undeniable, with mathematical principles serving as the
bedrock upon which modern neural networks are constructed
and optimized. As deep learning continues to advance, a deep
understanding of mathematical concepts will remain
indispensable for researchers and practitioners alike, driving
innovation and breakthroughs in artificial intelligence.

This review underscores the intricate relationship between
mathematics and deep learning, shedding light on the
profound impact of mathematical theory and techniques on
the development and application of neural network models.
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